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In 1970’s Hawking [l[ showed that BH is not totally black, rather emits thermal radiations by 
a combine application of quantum mechanics and general relativity at semi classical level. Inter¬ 
estingly, the temperature of the radiation (known as Hawking temperature) and the entropy of 
the horizon (known as Bekenstein entropy) have a certain universality in the sense that surface 
gravity (proportional to Hawking temperature) and horizon area (proportional to Bekenstein 


entropy) 


fl 


are purely geometric entity characterized by the space-time geometry. Also this 


entropy and temperature are related to the BH mass through the first law of BH thermodynam¬ 
ics: dM = TdS [3|. Moreover this fantastic discovery gave rise to {i) a speculation for a deep 
interrelationship between gravity theories and thermodynamics and {ii) a clue to the nature of 
quantum gravity. 


However, the first possibility came true in 1995 when Jacobson derived Einstein equations 
from clausius relations: 5Q = TdS for all the local Rindler causal horizon through space- 
time point {5Q —the energy flux, T —)• Unruh temperature seen by the accelerated observer 
just inside the horizon). Subsequently, Padmanabhan 0,3 was able to show the first law of 
thermodynamics on the horizon, starting from Einstein equations, for a general static spherically 
symmetric space-time. 

Assuming the Universe as a thermodynamical system, this nice interrelation between Ein¬ 
stein equations and thermodynamic laws has been extended in the context of cosmology. For 
homogeneous and isotropic FRW model it was found 0 that the Friedmann equations are equiv¬ 
alent to the first law of thermodynamics on the apparent horizon having Hawking temperature 


Ta = 


and Bekenstein entropy Sa = {Ra = geometric radius of the apparent horizon). 


27tRa 


Then in higher dimensional space-time, this equivalence was established for gravity with the 
Gauss-Bonnet term and for the Lovelock gravity 00]. 

On the contrary, the situation is totally different for universe bounded by the event horizon 
(which exists only in accelerating phase of the expansion). Wang et al Q showed that universe 
bounded by apparent horizon is a perfect thermodynamical system as both 1st and 2nd law 
of thermodynamics hold for perfect fluid with constant equation of state and holographic dark 
energy models. However, according to them both the thermodynamical laws failed to satisfy 
on the event horizon. Then assuming first law, Mazumdar et al 12l4l4l| were able to satisfy 


second law of thermodynamics on the event horizon with some realistic restrictions. In analogy 

with apparent horizon, the entropy and temperature at the event horizon were chosen as Se = 
ttRI 


G 


and Te = 


^ Later, it was found [l5, ^ that the temperature taken on the event 


2nRE 


horizon {i.e. Te = 2i^Re ^ correct and taking the corrected form (i.e. T^'^ = the 
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thermodynamics on the event horizon has been studied. It has been shown [17(] that for the 
following two choices 

(a) = Te = « = 

(b) sj,”-’ Te = t'^\ 

both the thermodynamical laws are satished on the event horizon. Also for inhnitesimal thermal 
fluctuation, there is a logarithmic correction to the Bekenstein en trop y in the 2nd choice 


( 1 ) 


On the other hand, in the context of dynamical BH, Hayward 


18l-l2ll] introduced the notion 


of trapping horizon and proposed a method to deal with thermodynamics associated with a 
trapping horizon. According to him, for spherically symmetric space-times, Einstein equations 
can be rewritten in a form termed as “Unihed Hrst law”. Then projecting this Unified hrst law 
(UFL) along a trapping horizon, the first law of thermodynamics was derived. Further, from 
the point of view of universal thermodynamics we consider our universe as a non-stationary 
gravitational system and FRW model may be considered as dynamical spherically symmetric 
space-time. Moreover, in FRW model we have only inner trapping horizon which coincides 
with the apparent horizon 18-^ and Friedmann equations are equivalent to the UFL on the 
apparent horizon j^, 26|. Also projection of UFL along the tangent to the apparent horizon 
gives the clausius relation 0- 

Further, there is no preferred time coordinate in an evolving time dependent space-time 
as there is no longer any (asymptotically time-like) Killing vector field. To resolve this 


problem, Kodama 


2?l | came forward with a geometrically natural divergence free vector field 


which exists in any time-dependent spherically symmetric space-time. This vector in the 
literature is popularly known as Kodama vector, and it identifies a natural time like direction 
outside a dynamic BH. Also there is a conserved current associated with this vector held 0,0. 


In the present work, we shall study the Unihed hrst law (UFL) on the event horizon for FRW 
model of the universe. The line element for FRW space-time can be written as 


ds^ = habdx°'dx^ + R^dVL^ 


= -dt^ + 


1 — kr'^ 


dr^ + R^dQi 


( 2 ) 


2 

where R = ar is the area radius, hab = diag(—1, is the metric on the two-space orthogonal 

to the spherical symmetry. Using null coordinates {l,m) the above metric can be written as 


ds^ = —2 dl dm + R^dQn 


(3) 






















with 
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d /~ ( ^ \/l — kr'^ d 

dl,m ^ i ^ a dr 


as future pointing null vectors. 
Now according to Hayward 


18l42l[|. the trapping horizon (Rt) is dehned as {dtR)R=Rj, = 0 


i.e. 


Rr = 




= Ra 1 /c = 0, zhl 


(4) 


For any horizon (having area radius R) the surface gravity is defined as 

1 


25| 


K = 


2^/^ 


daiV^h^^dbR) 


(5) 


or in explicit form 


RY f 1- Ra/2HRa 

[ R 


( 6 ) 


Now the total energy inside the horizon is a purely geometric quantity, related to the structure 


of the space-time and to the Einstein’s equations [22], According to Misner and sharp 18 h 23I| 
the total energy is given by 


E=^{l-h^^daRdbR) 


(7) 


which on simplification gives 


^ frr2 k 




2GRl 


( 8 ) 


According to Hayward 


18-21], the Unified hrst law 


dE = A'iP + WdV 


(9) 


is nothing but the rearrangement of the Einstein equations. In the above, A and V stand for 
the area and volume bounded by the horizon, the work density 

W = -^T^Xb ( 10 ) 

is regarded as the work done by a change of the horizon and the energy-supply term 


= T^dbR + WdaR 


( 11 ) 
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determines the total energy flow {i.e. 6Q = Ail)) through the horizon. 


We now introduce the Kodama vector for the present FRW model. It is defined as 

d, 


m 


Ra ^ 


( 12 ) 


where is the usual Levi-civita tensor in the 2D radial-temporal plane (i.e. normal to the 
spherical symmetry). For the present homogeneous and isotropic FRW model 


Qm = a{t){dt)i A [dr) 


(13) 


and 




-“ 4 ) 


(14) 


Note that Kodama vector is very similar to the Killing vector (^)* in the de-Sitter space. Also 
Kodama vector takes the role of the time-like Killing vector (in stationary BH space-time) for 
dynamical BH and FRW space-time. Further, it can be used as a preferred time evolution vector 
field in spherically symmetric dynamical systems. 

From equations (fTOl) and (ttH) the explicit form of the work density and energy-supply one 
form for the present model are 


and 


Hence we have 


W = -[p-p) 


= 


p + p 


{—HRdt + adr} 


(15) 


(16) 


WdV = 27 tR^{p - p) {HRdt + adr] 


(17) 


and Alp = 2ttR^{p + p) {—HRdt + adr] 


Also, from eq. ([8]) we obtain 


dE = 


2GR\ V 


( 3HRa — 2RRa ) dt + SR^RAa dr 


(18) 


(19) 
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We shall now show that by projecting the UFL along the Kodama vector gives the second 
Friedmann equation, in general. 

For the above one forms using the scalar product with the Kodama vector we have 

Now, 

= AnR^Haip + p) (21) 

and /wdV,K^^ = 0. 

Thus, projecting UFL along the Kodama vector gives, 

H--^ = -A7rG{p + p) (22) 

which is nothing but the second Friedmann equation on any arbitrary horizon. 


We shall now show that the hrst Friedmann equation can also be obtained from the Unihed 
first law by projecting it along a vector orthogonal to the Kodama vector namely 

Clearly the vector lies on the radial-temporal plane and it has the following properties: 

(i) The vector may be space-like, time-like or null depending on R. 

(ii) It is divergence-free in nature (he. = 0) and there is a current associated with the 

vector given by the relation . Clearly, the vector is conserved i.e. 

= 0 . 


The scalar product of the individual one-form terms on both sides of the UFL with gives 

(23) 






and 


{A^I;,Un = -^(P + P) - «'} 


{WdV, U>^) = ‘^^{p - p) [H^R^ + a^} 
aH ^ ^ 


(24) 


( 25 ) 
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Hence projecting the UFL along and after some algebra we obtain the first Friedmann 
equation i.e. 




k SttG 


-P 


(26) 


Further, it has been shown in the literature that the first law of^BH thermodynamics can be 
obtained by projecting the UFL along the trapping horizon 


18l-l2^ i.e. 


{Alp, z) = {dA, z) 


(27) 


where z is a vector tangential to the trapping horizon. 

We shall now show that the situation is not so easy in case of event horizon (EH). The area 
radius of the EH is given by 

dt 


Re = o 


(28) 


(Note that the improper integral converges for accelerating phase of the Universe). 

The normal vector to the null hypersurface R — a ^ = 0 is given by Uq = (—1, a, 0,0), a 
null vector. 

From the property of the null vector, na is also tangential to the (null) event horizon hyper¬ 
surface. Then one can easily see that the clausius relation i.e. eq. (I27p is not satisfied for the 


event horizon. Thus the claim 


18H22t| of obtaining the first law of thermodynamics by projecting 


the UFL along the tangent is only true for trapping horizon, not for any other horizon. 

Note that, the relation (j2ip gives the rate of energy across the horizon. Thus the energy flux 
across the event horizon during infinitesimal time dt is 


dQ = ^'kHR\{p + p)dt 

or using the second Friedmann equation {H —^ = —47rG{p + p)) 


r-r k \ , Rl 
H - — ]dt= ^ 


where Ra = 






has been used in the last equality. 




RAdt 


(29) 


(30) 


Recently, a notion of generalized Hawking temperature [l7l] (see eq. ©) 


t{g) _ Re 
^ ~^2eR\ 


(31) 


has been introduced on the event horizon for the validity of the thermodynamical laws. So in 
the present context using the first choice in eq. © we have 


= ^RAdt 


( 32 ) 
















(G) 

Thus we obtain the clausius relation 6Q = cLSe on the event horizon, by projecting the 
UFL along the Kodama vector on the horizon. It is interesting to note that the present approach 
to obtain the clausius relation [i.e. the first law of thermodynamics) from the Unified first law 
is a general prescription and it holds in any horizon even in the trapping horizon. So we have 
the following conclusions: 

(a) Projecting the UFL along the Kodama vector, the second Friedmann equation is always 
obtained. 

(b) Projecting the UFL along a vector orthogonal to Kodama vector (having other properties 
same as Kodama vector), the first Friedmann equation can be obtained. 

(c) Projecting the Unified first law along the tangent to the horizon to obtain the first law 
of thermodynamics is valid only for the trapping horizon. 

(d) First law of thermodynamics on any horizon can be obtained from the Unihed hrst 
law by projecting it along the Kodama vector on the horizon. 


Finally, we redefine the surface gravity motivated by Rindler observer. We have seen that 
at the local Rindler causal horizon the Unruh temperature is proportional to the acceleration of 
the free falling observer. So in analogy with the Unruh temperature we assume that the surface 
gravity should be proportional to the acceleration of the model i.e. 


K = k^R— 
a 


koR 


H + H‘^ 


(33) 


where ko is a dimensionless constant of proportionality and R is introduced on dimensional 
ground. Then using Einstein equations, the redefined Hawking temperature becomes 


Trh = 


2koRG 

3 


{P + 3p) 


(34) 


By introducing vector 


we obtain 


ya 


3a 

'r 



( 35 ) 


{dE, U“) = ATrHR^ip + 3p)a 
and thus we have the clausius relation 


(dK,U“) = {TRHdS,V^) 







9 


i.e. 6Q = TRHdS 

provided /cq = |- 

(It is worth mentioning that the vector 1/“ here also have the properties similar to Kodama 
vector and is termed as modified Kodama vector.) 

Therefore, in the first part we have shown that the Hayward-Kodama definition of surface 
gravity (defined in eq. ([5])) for dynamical model is valid only for apparent horizon in the 
present context. However, projecting with the Kodama vector we can not only obtain both the 
Friedmann equations from the UFL but also are able to obtain the clausius relation on the 
event horizon (or any horizon) with temperature as generalized Hawking temperature. Also the 
first Friedmann equation can be obtained from UFL by projecting along the orthogal direction 
of the Kodama vector. Finally, in analogy with Unruh temperature the surface gravity is 
redehned as proportional to acceleration in FRW model and it is possible to obtain the clausius 
relation by projecting the UFL along U“ (i.e. modified Kodama vector). 

Acknowledgement: 

The author S.C. is thankful to the Inter-University Centre for Astronomy and Astro¬ 
physics (lUCAA), Pune, India for research facilities at Library. Also S.C. acknowledges the 
UGC-DRS Programme in the Department of Mathematics, Jadavpur University. The author 
S.H. acknowledges DST-PURSE Programme for awarding Research fellowship. The author 
S.B. is thankful to CSIR for awarding JRF. 


[1] S. W. Hawking, Commun. Math. Phys. 43, 199(1975). 

[2] J. D. Bekenstein, Phys. Rev. D 7, 2333(1973). 

[3] J. M. Bardeen, B. Carter, S. W. Hawking, Commun. Math. Phys. 31, 161(1973). 

[4] T. Jacobson, Phys. Rev. Lett. 75 , 1260(1995). 

[5] T. Padmanabhan, Class. Quant. Grav. 19, 5387(2002). 

[6] T. Padmanabhan, Phys. Rept. 406 , 49(2005). 

[7] R. G. Cai, S. P. Kim, J. High Energy Phys. JHEP 02 , 050(2005). 

[8] M. Akbar, R. G. Gai, Phys. Lett. B 635 , 7(2006). 



10 


[9] A. Paranjape, S. Sarkar and T. Padmanabhan, Phys. Rev. D 74 , 104015(2006). 

[10] C. Lanczos, Ann. Math. 39, 842(1938). 

[11] B. Wang, Y. Gong and E. Abdalla, Phys. Rev. D 74, 083520(2006). 

[12] N. Mazumdar, S. Chakraborty, Class. Quantum. Grav. 26 , 195016(2009). 

[13] N. Mazumdar, S. Chakraborty, Gen. Relt. Grav. 42 , 813(2010). 

[14] N. Mazumdar, S. Chakraborty, Eur. Phys. J. C. 70, 329(2010). 

[15] S. Chakraborty, Phys. Lett. B 718 , (2012)276. 

[16] S. Saha and S. Chakraborty, Phys. Lett. B 717 , (2012)319. 

[17] S. Chakraborty, Eur. Phys. J. C. 74 , (2014)2876. 

[18] S. A. Hayward, Phys. Rev. D 49, (1994)6467. 

[19] S. A. Hayward, Phys. Rev. D 53, (1996)1938. 

[20] S. A. Hayward, Class. Quant. Grav. 15 , 3147(1998). 

[21] S. A. Hayward, S. Mukohyama and M. C. Ashworth, Phys. Lett. A 256 , 347(1999). 

[22] R. G. Cai and L. M. Cao, Phys. Rev. D 75, (2007)064008. 

[23] D. Bak and S. J. Rey, Class. Quant. Grav 17, (2000)183. 

[24] M. Trodden and S. M. Carroll, “TASl Lectures : Introduction to Cosmology”, 

arXiv:astro-ph/0401547vl] 

[25] A. Helou, “Dynamics of the Cosmological Apparent Horizon : Surface Gravity & Temperature”, 
[arXiv:1502.04235 [gr-qc]]. 

[26] M. Akbar and R. G. Cai, Phys. Rev. D 75, 084003(2007). 

[27] H. Kodama, Prog. Theor. Phys. 63, (1980)1217. 

[28] S. A. Hayward, Phys. Rev. D 49, (1994)831. 

[29] G. Abreu and M. Visser, Phys. Rev. D 82, (2010)044027. 


